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1. Introduction 
1.0. Riemannian symmetric spaces have the following three classes of spaces as their 
natural generalizations: 
(A) The class of all regular Riemannian k-symmetric spaces (k 2 2). 
(B) The class of all pointwise Riemannian k-symmetric spaces (k 1 2). 
(C) The class of reduced Riemannian C-spaces. 
The main purpose of this paper is to show that these three classes are non-equivalent 
in a differentiable sense. This we accomplish by showing that Stiefel manifolds provide 
non-trivial examples (in a differentiable sense) of each of the three classes. 
More precisely, let Vn,h be the real Stiefel manifold of orthonormal (n - h)-frames 
in Euclidean n-space IWn, and endow Vn,h with its standard metric. Then we show that 
(i) Vn,h belongs to the class (C), (ii) if n = 2q > 30 and h = n - 2, Vn,h belongs to 
the class (B) and furthermore, it is not diffeomorphic to the underlying manifold of 
any space in the class (A), and (iii) if IZ and h are appropriately chosen, Vn,h is not 
diffeomorphic to the underlying manifold of a space in class (B). 
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All this can be summarized by saying that the following inclusions are strict (in a 
differentiable sense): 
(A) c (B) ” cc> c cc> 
Similar results are stated for complex and symplectic Stiefel manifolds. 
1.0.1. A problem that remains open is to decide whether or not the inclusion (B) n 
(C) c (B) is strict. 
1.1. The Riemannian precedent concerning the strict conclusion (A) C (B) is due to 
Kowalski (see e.g. [7, Note 31): Let &f = S4n+1 be the unit sphere in czn+‘,n 2 2, 
and endow 1M with a real Riemannian metric jl, induced by a certain Hermitian 
metric gx on @2n+1. Then (S4”+l , jlx), n 1 2, is a pointwise Riemannian 4-symmetric 
space but it is not a regular Riemannian k-symmetric space for any k 2 2 (see lot. 
cit. for details, and for the observation that these spaces are homothetic to geodesic 
spheres in complex projective spaces, or complex hyperbolic spaces depending on the 
parameter X). This shows that (A) c (B) properly. However, if S4n+1 is endowed with 
the standard metric of constant curvature, then it is an ordinary symmetric space. One 
of our main results (Theorem 2.6 (i)) establishes the existence of pointwise Riemannian 
k-symmetric spaces which can never be made into regular ones regardless of the choice 
of Riemannian metric. Furthermore, our examples are also reduced C-spaces, thus we 
have (A) c (B) n (C) properly ( an in a stronger differentiable sense). d 
1.2. Regular Riemannian k-symmetric spaces have been the subject of considerable 
more attention than their pointwise counterparts. For example, several classifications 
of them are readily available (see e.g. [7] f or d imension 5 5, [14] for 3-symmetric 
spaces of reductive type, and [5] f or compact simply connected 4-symmetric spaces). 
Furthermore, in [4], it has been proven that for each k > 2, there exist (Hermitian) 
k-symmetric spaces in the class (Ak) which cannot be endowed with a Riemannian 
metric so as to lie in (A,) for 2 5 m < k. I.e. (A,) # (Ak) for k # m in a strong 
differentiable sense. 
1.2.1. It should be desirable to have similar results for the class (B). It is worth 
mentioning that Marinosci [12] has proved (A) = (B) for dimensions 2 4. 
1.3. The Riemannian precedent concerning the strict inclusion (A) C (C) is due to 
Kowalski and Sekizawa. In [8] they classify all S-dimensional reduced Riemannian 
C-spaces, and obtain, as a consequence of their classification, the existence of Rie- 
mannian manifolds which are reduced C-spaces but which are not regular Riemannian 
k-symmetric. Once again, this result lies in the realm of Riemannian spaces whereas 
our results are of a differentiable nature. In Theorem 2.6 (ii) and (iii) we establish 
the existence of reduced Riemannian C-spaces which cannot be made into pointwise 
Riemannian k-symmetric spaces regardless of the choice of Riemannian metric, that 
is, (B) n (C) c (C) properly ( an in a strong differentiable sense). d 
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1.4. C-spaces were originally introduced by Loos [ll] and his study was continued 
in [lo] and [S]. H owever, it is somewhat surprising that they have not received the 
attention they deserve. That these spaces constitute a rather large and interesting class 
can be seen from the observation that any compact, simply connected, homogeneous 
space M = G/H with G compact, connected, acting eflectively on M, and with Euler 
characteristic x(G/H) > 0, is a reduced C-space. (This follows from the fact that if 2 
is the center of H, then H = (Gc)O, where C = group of inner automorphisms of G 
induced by elements of 2. (See the definition of C-spaces below and [13, p. 2761 for 
details). 
2. Definitions and statements of results 
2.1. A Riemannian symmetric space of Cartan A4 can be defined in two equivalent 
ways: either as a Riemannian manifold whose geodesic involutions sP, p E M, extend 
to global isometries, or as a homogeneous Riemannian space h4 = G/H determined 
by an involutive automorphism of G. These two alternative descriptions give rise to 
the generalizations (A), (B), and (C). More precisely we have: 
2.2. [9,7] A pointwise Riemannian k-symmetric space is a connected Riemannian 
manifold (iW,g) that admits at each point p in iVl a global isometry sP of order k with 
p as an isolated fixed point. 
2.3. [l, 6,7] A regular Riemannian k-symmetric space is a pointwise Riemannian k- 
symmetric space such that the family of isometries (sP), p E M, satisfies the following 
(regularity) condition: sP o sp = s, o sP, x = So, p, q E M. 
2.4. For our purposes it will be more convenient to reformulate the regularity condi- 
tion in terms of Lie groups. This is the equivalent of the description of symmetric spaces 
(of Cartan) in terms of involutions of Lie groups: a reduced Riemannian k-symmetric 
space is a homogeneous Riemannian manifold 2M = G/H, where G is a connected Lie 
group of isometries of LU that admits an automorphism c of order k such that the 
following two conditions are satisfied: (i) (G”)0 c H c G”, where (G”)O denotes the 
identity component of G” = {g E G [ a(g) = g}, and (ii) the diffeomorphism s, of 
M defined by s, o r = r o u, where ?r : G -+ G/H is the canonical projection, is an 
isometry (clearly of order k with o = H as an isolated fixed point). (See the aforemen- 
tioned references for the equivalence of the two definitions. Confront this with Section 
3.3 below). 
2.5. [ll, lo] Let C be a Lie group. A reduced Riemannian C-space is a homogeneous 
Riemannian manifold M = G/H, where G is a connected Lie group of isometries of 
M that admits C as a Lie transformation group of automorphisms and such that the 
following two conditions are satisfied: 
(i) (GE), c H c GE, where (Gc)0 is the identity component of GC = {g E G ) 
a(g) = g for all g E C}, and 
(ii) The diffeomorphisms so of M defined by s, o x = 7r o 0 for IS E C, where 
?r : G + G/H is the canonical projection, are isometries of M. 
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2.5.1. This definition parallels Section 2.4 above. An alternative definition along the 
same lines as in Section 2.3 above (i.e. using isometries) is also possible (cf. [lo]), 
however, since we shall not need it, we will not formulate it. 
We can now state the main results of the paper: 
2.6. Theorem. Let M = V& be the real Stiefel manifold of orthonormal (n - h)- 
frames in Euclidean n-space. Regard M as the homogeneous space M = SO(n)/SO(h) 
endowed with the SO(n)- invariant Riemannian metric g induced by the negative of the 
Killing form of SO(n). Then the following is true: 
(i) If h = n - 2 and n is even, n = 2q, then (M, g) is a pointwise Riemannian 
k-symmetric space for any k = 2m, m 1 2. Furthermore, if n > 30, then M is not 
diffeomorphic to the underlying manifold of a regular Riemannian k-symmetric space 
for any k 2 2. 
(ii) In general, (M,g) is a reduced Riemannian C-space with C = Z2 x A,, where A, 
is the dihedral group of order 2r, and r = {Coxeter number of SO(n - h)} = {height 
of a maximal root of SO(n - h)} + 1. (For r = 1, set Ar = Z2). 
(iii) Ifh < n-l f or n odd, or h < n - 2 for n even, and if in addition n and h satisfy 
the conditions in Section 3.2.1 below, then M is not difleomorphic to the underlying 
manifold of a pointwise Riemannian k-symmetric space for any k 2 2. 
2.6.1 Remarks. For h = n - 1, M = P-l i.e. the unit sphere, and part (ii) simply says 
that 9-r is a symmetric space of Cartan. Thus the interesting case is for h < n - 1. 
In this case r > 0, and the proof (see Section 4.1.2.1 below) and [4] lead to conjecture 
that C is optimal. 
Along the same vein we can prove a similar result for the symplectic Stiefel mani- 
folds, more precisely: 
2.7. Theorem. Let M = Xn,h be the symplectic Stiefel manifold of orthonormal 
(n - h)-frames in the quaternion n-space Q”. Regard M as the homogeneous space 
M = Sp(n)lSp(h) endowed with the Sp(n)-invariant Riemannian metric g induced 
by the negative of the Killing form of Sp(n). Then 
(i) (M, g) is a reduced Riemannian C-space with C = .?& x A,, A, the dihedral group 
of order 2r, and r = { Coxeter number of Sp(n - h)} = {height of a maximal root of 
Sp(n - h)} + 1. 
(ii) If n and h satisfy the conditions in Section 2.2.1 below, then M is not difleo- 
morphic to the underlying manifold of a pointwise Riemannian k-symmetric space for 
any k 2 2. 
2.8. Concerning complex Stiefel manifolds II&& of orthonormal (n- h)-frames in com- 
plex n-space P, by similar arguments (to those used in the proof of Theorem 2.6 for 
n even) it is immediate that for n and h as in 3.2.1 below Wn,h = SU(n)/SU(h) is not 
diffeomorphic to the underlying space of a pointwise Riemannian k-symmetric space 
for any k 2 2. However, it is not clear whether or not Wn,h is a reduced Riemannian 
C-space for some C (cf. Section 3.4.1). 
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2.9. It is worthwhile to point out that the proofs given show that the representa- 
tions of the Stiefel manifolds as homogeneous spaces: V& = SO(n)/SO(h), Wn,h = 
Su(n)lSu(h), and &,h = Sp(n)/Sp(h), d o not render the spaces as pointwise 
L-symmetric spaces with the only exceptions V&J~-~, Vn,n-1. 
The reason to introduce the conditions in Section 3.2.1 is purely of topological 
character to prevent the existence of transitive actions of compact Lie groups other 
than the standard ones included in Theorem 3.2.2. 
3. Preliminaries 
3.1. Notation. The notation here is essentially the same as in [2 Chapter X]. Let 1, 
denote the unit matrix of order n, and set 
3.2. The main results of [3] are crucial ingredients of the proofs, therefore we shall 
recall them here. The ranges for n and h are as follows: 
3.2.1. Conditions on n and h: (i) h < n - 2 and 2h > n + 1, (ii) h > 29 and (iii) in 
case h < n - 2, then h $ 0 mod 4 and n $ 0 mod 4. 
3.2.2. [3, Theorem 4.31 Let G be a compact connected Lie group acting transitively 
and effectively on V&. If (n, h) satisfies the above conditions 3.2.1, then SO(n) C 
G c SO(n) x SO(n - h)/l in,h and the action is the restriction on G of the standard 
action of SO(n) x SO(n - h)/l in,h on Vn,h. Corresponding statements are also true in 
the complex and the symplectic cases, with V n,h replaced by Wn,h, Xn,h, and SO(n) x 
SO(n - h)/K,,h replaced by SU(n) x SU(n - h)/Kn,h, Sp(n) x Sp(n - h)/K,,h 
respectively. 
3.2.2.1. Here Kn,h is either trivial or at most finite, depending on whether the action 
is effective or almost effective. 
3.3. We shall also need the following observation: Let (M,g) be a pointwise Rieman- 
nian k-symmetric space with symmetries (sp), p E M. Let G be the identity component 
of the closure, in the full group of isometries of M, of the group generated by the sym- 
metries (+),p E M. Then G acts transitively on A4 (see e.g. [9,7]). Let H be the 
isotropy group of G at a point o E M, so that M = G/H. Define an automorphism 0 
of G by taking conjugation with respect to s,, the symmetry at o. Then (G”)0 c H 
(because o is an isolated fixed point of s,), and a(H) = H. Conversely, a pointwise 
L-symmetric space can be constructed starting with these data, and the failure to be 
regular is determined by whether or not H c G”. We shall show that this happens 
precisely for G = S0(2n), and H = SO(2n - 2) (See Section 4.1.1). 
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3.4. We shall need one more remark concerning the Weyl group W(g, t) of a compact 
or complex simple Lie algebra g with respect to a Cartan subalgebra t, and this is that 
-id q! W(g, t) f i and only if g = a,, n > 1, z)~+r, or es (see e.g. [2, p. 5231). 
3.4.1. It is precisely this fact that prevents Wn,h to have an obvious reduced C- 
structure in contrast to Vn,h and Xn,h. As we shall see in Section 4.1.2.2 this difficulty 
can be circumvented in case g = Z)Q+~. 
4. Proofs of Theorems 
4.1. Proof of Theorem 2.6 
4.1.1. Part (i). Let CY be the automorphism of SO(2q) induced by conjugation with 
respect to /~-2,2. Then (SO(2q)a), = SO(2q - 2) x SO(2). Regard U(q - 1) C 
SO(2q - 2) in the standard fashion, i.e. 
A+iB+ _AB i . [ 1 
Let p be a primitive k-th root of unity, k > 2, and regard p as an orthogonal matrix 
R in the center of U(q - 1). Let S be the orthogonal matrix (of order 2q) defined by 
s= R 6 
[ 1 0 P’ 
Then if k = 2m, m 2 2, Sk = /zn, and conjugation by S defines an outer automorphism 
u of order k of SO(2q) such that (SO(2q)“), c SO(2q - 2). Furthermore, cr preserves 
SO(2q - 2). It follows that SO(2q)/SO(2q - 2) can be made into a pointwise Rieman- 
nian k-symmetric space as remarked in Section 3.3. 
4.1.1.1. To prove the second statement of Part (i), let G be a compact connected Lie 
group acting effectively and transitively on M = Vzq,+2 by diffeomorphisms. Since 
2q > 30, conditions 3.2.1. are satisfied, and hence SO(2q) C G C SO(2q) x SO(2)/&, 
and the action of G is the restriction of the standard action of SO(2q) x SO(2)/& on 
V&++_2 (Section 3.2.2). 
4.1.1.2. If M = G/H with H the isotropy group at a point o E M, gave a regular 
k-symmetric representation of M, then, at Lie algebra level, fj = gb for u a finite order 
automorphism of g, but g = so(2q), or g = so(2q) x SO(~), and thus fj = so(2q - 2) or 
IJ = so(2q - 2) x so(a). A ccording to the structure theory of outer automorphisms of 
so(2q) (see [2, Chapter Xl), this is impossible. 
4.1.2. Part (ii). Let cr be the automorphism of SO(n) induced by conjugation with 
respect to /h+-h. Then (SO(n) = SO(h) x SO(n - h). Let U([(n - h)/2]) C 
SO(2[(n - h)/2]) c SO(n - h) with the first inclusion as in Section 4.1.1 above, and 
the second inclusion either the identity (for n - h even) or the standard inclusion 
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Let T c U([(n - h)/2]) denote the maximal torus of diagonal matrices. Then T is also 
a maximal torus of the orthogonal group SO(n - h). 
4.1.2.1. According to [4] there exists an automorphism ,f? (necessarily inner) of order 
T = {Coxeter number of SO(n - h)} such that (SO(n - h)p)O = T, and furthermore, 
r is the minimum possible order for an automorphism with such property. (Thus 
explaining Remark 2.6.1 above). Let ,B be given by conjugation with respect to a 
matrix B E T c SO(n - h), and extend it to define an automorphism ,B (same letter) 
of SO(n) by taking conjugation with respect to 
(same notation). Then ,0 has order r, ,0a = c@ and g” ng@ = so(h) x t, here t denotes 
the Lie algebra of T. 
4.1.2.2. Let y be the automorphism of SO(n.-h) induced by conjugation with respect 
to the matrix p = diag (P, . . . , P), where P is as in Section 3.1. Namely P appears 
along the diagonal [(n - h)/2]-times. 
4.1.2.2.1. Assume that 7t - h is odd, then depending on whether [(n - h)/2] is even 
or odd a 1 or -1, respectively, has to be set in the inclusion of p in SO(n - h). 
Conjugation by p defines precisely the element -id of W as indicated in Section 3.4 
above. 
4.1.2.2.2. Assume that (n-h) is even, then if (n-h)/2 is even, conjugation by p yields 
-id E W (Section 3.4), but if (n - h)/2 is odd, -id $ W. Nevertheless, conjugation by 
p is a well defined outer automorphism such that it equals -id on t, and even more, 
it can be extended to so(n) in such a fashion that it is the identity on so(h) (even 
though it is outer, again, this is what fails in the case of IV&). 
In conclusion y = conjugation with respect to F) yields -id on t. The y can be 
extended to SO(n) by taking conjugation with respect to 
p= ’ 0 
[ 1 0 P 
(same letter P). 
4.1.2.3. Clearly oy = yo, and r,B = ,@lr ( since B E T). Thus the group of au- 
tomorphisms generated by ,B and y is precisely A,, i.e. the dihedral group of or- 
der 2~. Furthermore, 60(7t)~ n so(n)0 n sag = so(h), i.e. so(n)’ = so(h) with 
C = iz2 x A, = {id, a} x {id, ,f?, . . . , ,tPml, y, yP, . . . , y,@-l}. 
4.1.3. Part (iii). This is rather similar to the second part of the proof of Part (i) (cf. 
Section 4.1.1.1 and 4.1.1.2) Assume that A4 = Vn,h admits a pointwise k-symmetric 
structure. Construct G as in Section 3.3. Then M = G/H with (G”)O c H, u an 
automorphism of order k of G. And SO(n) c G c SO(n) x SO(n - h)/K+. We have 
to consider two cases depending on whether n is odd or even. 
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4.1.3.1. Assume n odd. Then SO(n) d oes not admit outer automorphisms and thus 
rank (Go)0 = rank SO(n), but since h < n - 1, rank SO(h) < rankSO( This is in 
contradiction with (G”)0 c H. 
4.1.3.2. Assume n even. In this case SO(n) does admit outer automorphisms. However, 
according to the general structure theory of such automorphisms, the rank of the fixed 
point set for an automorphism of SO(n) is exactly (n/2) - 1 (see [2, Chapter Xl). Since 
we are assuming that h < n - 2, then the rank of SO(h) < (n/2) - 1. This contradicts 
(G”), c H. 
4.2. Proof of Theorem 2.7. 
4.2.1. Part (i). Imitate the proof of Part (ii) of Theorem 2.6, (Sectioon 4.1.2). Here 
we outline the essential modifications. Let (Y be the automorphism of Sp(n) induced 
by conjugation with respect to Kh,+h. Then (SPY), = Sp(h) x Sp(n - h). Let 
T c Sp(n - h) b e a maximal torus of Sp(n - h). 
4.2.1.2. Use [4] to define ,f3 such that (Sp(n - h)p)o = T. 
4.2.1.3. Let y E W(sp(n-h), t), y = -id. (Th e existence is guaranteed in Section 3.4). 
Extend to an automorphism of Sp(n). (Th is is possible because y is inner). 
4.2.1.4. CYP = p a, cry = ycr, /3r = 70-l, etc. 
4.2.2. Part (ii). Imitate Sections 4.1.3 and 4.1.3.1 with the obvious changes. 
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